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Exponential stability of the viscous Saint-Venant
equations using a quadratic Lyapunov function

Amaury Hayat and Nathan Lichtlé

Abstract—In this work, we investigate the exponential
stability of the viscous Saint-Venant equations by adding to
the standard hyperbolic Saint-Venant equations a viscosity
term coming from the higher order approximation of the
Saint-Venant equations from Navier-Stokes equations. The
inclusion of viscosity transforms these equations into more
complex second-order partial differential equations, accu-
rately modeling the behavior of real-world fluids that inher-
ently possess viscosity. We construct an explicit quadratic
Lyapunov function and demonstrate that it must be diago-
nal in physical coordinates, revealing that certain quadratic
Lyapunov functions effective in non-viscous cases become
inadequate when viscosity is introduced. We find explicit
sufficient boundary conditions such that for small vis-
cosities a quadratic Lyapunov function exists. This result
ensures the exponential stability of the linearized system
around the steady-state solutions in the L> norm.

Index Terms— Stability, Saint-Venant equations, Navier-
Stokes, Viscosity, Boundary control, Lyapunov stability.

[. INTRODUCTION

NTRODUCED in 1871 by Barré de Saint-Venant, the

Saint-Venant equations [1] have since become widely used
in the fields of hydraulics and fluid dynamics. These equa-
tions describe the one-dimensional evolution of a fluid, more
specifically an incompressible flow, in a unidirectional open
channel. They are significantly easier to solve than the two-
dimensional shallow water equations, while remaining able to
quite accurately model the dynamics of flows in open channels
of arbitrary cross section, and have thus been playing a crucial
role in the analysis of open-channel flows such as navigable
rivers and canals in many practical applications, such as water
level and flow rate control [8], [15], [16], [24], [25], [30].

The Saint-Venant equations consist of two hyperbolic partial
different equations, describing the evolution of the fluid’s
depth and horizontal velocity across one-dimensional space
and time, yielding a 2 x 2 nonlinear hyperbolic system.
The goal is usually to prove the exponential stability of the
steady states, meaning that deviations from an equilibrium
state will diminish over time at an exponential rate. This is a
highly valued property in practice because it ensures that the
system quickly and predictably returns to a stable state after
disturbances, which are ubiquitous in real-world applications.
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Many tools have been developped over time for the problem
of boundary feedback stabilization for such one-dimensional
hyperbolic systems. [14] used the method of characteristics
for nonlinear 2 x 2 homogenous systems with C! solutions,
later generalized to m X n homogeneous systems [31]. For
inhomogeneous hyperbolic systems, the backstepping method,
introduced in [23], is a powerful tool for exponential stabiliza-
tion [22], [29], [33]. It has been used to prove the exponential
stability of the linearized Saint-Venant-Exner equations with
arbitrary slope or friction [10], as well as to stabilize a lin-
earized bilayered Saint-Venant model [11]. This method allows
for exponential stabilization at an arbitrary rate, however it
requires full-state feedback. In some cases, an observer can
be designed to address this issue [9], [10], [33].

In this work, we consider the method of quadratic Lyapunov
functions, originally introduced in [7], and later extended to
work for nonlinear hyperbolic systems of conservation laws
[5], [6]. This method has the advantage of only requiring
measurements at the boundaries, which is an important consid-
eration for practical implementations. We build such Lyapunov
functions as linear combinations of small perturbations around
the steady states, which, coupled with appropriate boundary
conditions, can be used to prove the exponential stability of
the system around said steady states. [4] uses such quadratic
Lyapunov functions to show the exponential stability in H?-
norm of 2 X 2 hyperbolic systems such as Saint-Venant
with nonuniform steady states. [20] later applies a similar
approach to a more general class of Saint-Venant equations
with arbitrary friction and space-varying slope, then to generic
density-velocity systems on a bounded domain [21].

We consider the Saint-Venant equations that have been
augmented with a viscosity term p. Viscosity is a funda-
mental property of fluids that quantifies the internal friction
force within them. In other words, viscosity measures the
fluid’s resistance to flow. Since the large majority of fluids
we encounter in normal conditions have non-zero viscosity
which will affect their flow behavior, taking viscosity into
consideration is essential in understanding the dynamics of
real-world flows. To this end, we consider the viscous Saint-
Venant model derived in [13] from the Navier-Stokes system.
[28] previously showed the asymptotic stability of the steady
states of this model in the case where the equilibrium water
speed is equal to 0.

Our main objective in this work is to demonstrate the
exponential stability of the linearized viscous Saint-Venant
system, while providing constraints on the Lyapunov stability
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that characterize the system’s behavior. Exponential stability
is a desirable property as it guarantees the system’s response
will exponentially tend towards an equilibrium state, ensuring
predictability and robustness in practical applications. Our
approach involves linearizing the system around an equilib-
rium state, then constructing a quadratic Lyapunov function
that provides valuable insights into the system’s stability and
convergence properties. Under a suitable choice of boundary
conditions, we prove that the perturbations tend to zero expo-
nentially fast in L2 norm when the viscosity term is sufficiently
small. Finally, we note that quadratic Lyapunov functions are
often robust to non-linearities [3], [19], which is encouraging
for the stability of the non-linear system.

The rest of the paper is organized as follows: in Section II,
we present the viscous Saint-Venant system that we consider,
and perform a linearization to simplify our analysis. Section III
consists of our main results regarding the exponential stabi
lity of the linearized viscous system, which are proved in
Section IV along with our analytical findings. Finally, we
conclude and discuss future work in Section V.

[I. DESCRIPTION OF THE VISCOUS SAINT-VENANT
SYSTEM AND THE LINEARIZED SYSTEM

We consider the one-dimensional Saint-Venant model with
viscosity, given by the following equations [13]:

Hi+ (HV), =0, 6]
f(H,V) (HV2)o _
7 7 =0 @

where t € [0,+00), z € [0, L], H(t,z) : [0,+00) x [0, L] —
(0,400) is the water depth, V(¢,z) : [0,+00) x [0,L] —
(0,+00) is the horizontal water speed and g > 0 is the
gravitational acceleration constant.

In (2), i > 0 is a viscosity coefficient and the term f(H, V)
represents a modified friction term, given by

KV
TR ®)
1+ —

3p
where k > 0 denotes a small friction term. The derivation
of the viscous Saint-Venant model from the Navier-Stokes
equations can be found in [13], where we divided the second
equation by H to arrive at (1, 2).

We consider an equilibrium (H*,V*) : [0, L] — (0, +00)2,
that is, a time-invariant solution of the system defined by (1),
(2) and we assume that the system is in fluvial (i.e. subcritical)
regime, that is

Vi+VV,+gH, +

— 4y

f(H>V) =

gH* > V*2, )

Remark 2.1 (Subcritical flow): We consider the fluvial (i.e.
subcritical) regime as it is often the most interesting and com-
mon case for navigable rivers, wherein waves can propagate
both downstream and upstream [18]. In the other case, the
propagation speeds of the transport term have the same sign
and the situation is easier to handle (see for instance [21]).

Our goal is to find conditions of exponential stability of the
linearized system around the steady state under some boundary

conditions of the form :
V(t,0) = B(H(t,0),0,0)
V(t, L) = B(H(t,L), p, Vo (t, L)) (5)
Vo (t,0) =0

where B € C?(R3;R) can correspond for instance to a
control feedback law. In particular, we are interested to see
if a perturbed version of the most recent Lyapunov functions
introduced in [20] and [4] can still work in this framework.
Interestingly, we will show that perturbations of the Lyapunov
function of [20] does not work anymore, while the one found
in [4] can still be used.

Remark 2.2: The last condition in (5) implies in particular
that the steady-state satisfies V,*(0) = 0. This can be explained
as specifying another value would destroy any hope of seeing
V* converge (in C*([0, L])-norm) when p — 0, since the
steady-states are constant functions when p = 0.

We introduce the following proposition:

Proposition 2.1: For any Hy > 0, Vy > 0 satisfying

gHy — Vg >0, (6)

there exists a p* > 0 such that for any pu € (0, u*), there is
a unique steady-state (H*,V*) € C?([0, L]; (0,00))% to (1)-
(2) satisfying (4) and the last equation of (5) together with
H*(0) = Hp, V*(0) = Vp. It satisfies V. > 0 for all z €
[0, L]. Moreover

Vi =Vo+O(p),
V*F(H, V) 2 gty
- —C 4p Og(g)g—f—O 2,
T T He(gH* — V*7) ope () (7
x CO * *2 —%fo’f’g(s)ds

where O(u) (resp. O(p?)) refers to a function that tends to
0 at least as fast as p (resp. p?) in L®°(0, L) when p — 0,
Cy is a positive constant that only depend on Hy, Vj and the
parameters of the system and is bounded when p — 0, and g
is a positive function that is bounded from above and below
when 1 — 0. Moreover Cj is given by

1 Vof(Ho, Vo) )
Coi=—| "% 8
O (HO(QHO -V’ ®
and g is defined by
_gH (x) .

Remark 2.3: Note that w is bounded when p — 0T
and hence Cj is.
The existence of solutions and the estimates (7) are not
obvious a priori: indeed, the equations satisfied by the steady-
states of (1)—(2) are singular ODEs (see (94)) which can lead
to very different behaviors when p > 0 and 1 = 0. Proposition
2.1 is showed in Appendix IV.

We define the deviation of the state (H,V) from the
equilibrium (H*,V*) as

h(t,x) = H(t,x) — H*(x),

v(t,z) =V (t,x) — V*(x). (10)
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The linearized system around the steady states is then given
by the following equation in matrix form:

h h h h

A0)L 7 () ), rem () =0 o
where
0 O
4= <0 4#)’
V* H*
B = * .

<g—4u,? V*—4un)’

H*
1% H
C =\ apsvy s v g v g gV
sz S/J,H*V* T H*V*
(12¢)
The linearization of the boundary conditions (5) is given

by:

(12a)

(12b)

u(t,0) = —boh(t,0),

v(t, L) = b1h(t, L) + pcrvg (¢, L), (13)
vﬂf(t7 O) = 07
where the coefficients are given as
oB , .
b(] - 87H(H (0)7070)a
oB
= ——(H* * 14
oB

C1 (H*(L),/,L,V;(L))

A
We prove in Appendix V that the linearized viscous system
(11) with boundary conditions (13) is well-posed.

[1l. MAIN RESULTS

We first recall the definition of the exponential stability:

Definition 3.1 (Exponential stability): The linearized sys-
tem (11) with boundary conditions (13) is exponentially stable
if there exists v > 0 and C' > 0 such that for every initial
condition (hg,v9)? € L?((0,L);R?), the Cauchy problem
(11), (13) with initial condition (hg, vo) has a unique solution
(h(t,z),v(t,x)) € C°([0,4+00); L?(0,L)), which satisfies
exponential decay towards the origin starting from its initial
condition:

H (h(tv ')v ’U(t7 '))T”Lz((O,L)?RZ)
< Ce™||(ho, v0)" || z2((0,1)%2)

for all ¢ € [0, +00).

There have been many results on the boundary stabilization
of density-velocity systems such as Saint-Venant, most of them
by finding appropriate basic quadratic Lyapunov functions,
which for the L2-norm can be defined as V(y(t,-)) =
fOL yT'(t,r)Qy(t, z) dx where u = (h,v) is the state of the
system.

In this work, we investigate the robustness of these results
when a small viscosity term, likely present in real-world
shallow water systems, is added. We first show that when there
is viscosity, a basic quadratic Lyapunov function for the linear
system must necessarily be diagonal in physical coordinates.

15)

Proposition 3.1: Let V be a functional on L?(0, L) defined

by L T
V(h,v) = /0 (Z) Q(Z) dx.

If V is a Lyapunov function for the system (11) in the L2
norm, then @ is diagonal.

We prove this result in Appendix I. A similar result is known
in Riemann coordinates: after a change of variable to make
the term derivated with respect to x diagonal, the Lyapunov
function must be diagonal [2]. Here the constraint we show is
even stronger, the Lyapunov function needing to be diagonal in
Riemann coordinates as well as in physical coordinates (h v)7 .
In particular, this implies that the Lyapunov functions found in
[20] and [21] are not suitable anymore when a small viscosity
term is added.

If the Lyapunov is diagonal in physical coordinates, as is
the case in [4] for instance, then it can still be used in the
viscous case. In this case, we can deduce stability conditions
that converge back to those in [4] when the viscosity u tends
to 0.

Theorem 3.1: Let (H*,V*) be a steady state of the system
(1), (2), satisfying the boundary conditions (5), the subcritical
condition (4) and

gH*(0) < (2+V2)V*2(0).

Assume that the boundary conditions coefficients given in (13)
satisfy

bo € (by,bg), b1 € R\[b,bf], ¢ € (cy,cf), (18)

for b, b and ¢ respectively defined in (57), (58) and (76).
Then there exists p; > 0 such that for any u € (0,p1)
the linearized system (11) with boundary conditions (13) is
exponentially stable for the L2-norm.

Remark 3.1: Compared to the results of [4] and [20], not all
steady-states can be stabilized but only those satisfying (17).
Concerning [20] this is due to the fact that, as surprising as
it may seem, the optimal Lyapunov function for the inviscid
system used in [20] and [21] cannot be used anymore when
viscosity appears. Concerning [4], the difference come from
the form of the source term f(H*,V*)/H* ~ V*/H** while
in the Saint-Venant equations considered in [4] the source
term is of the form V**/H*. With a source term of the form
V*/H *2_ the same limitation would occur using the results of

[4].

(16)

a7

IV. EXPONENTIAL STABILITY OF THE LINEARIZED
SYSTEM
In this Section, we show Theorem 3.1. To do so, let us
consider a steady state (H*,V™*) of (1), (2) that satisfies (5),
(4) and (17). We introduce the following quadratic Lyapunov
function

L
V(y) =/ y' Qy dz, (19)
0
where
_(h _ _ (9+npq 0
y = <U) ., Q= diag(qi,q2) := < 0 o +qu> .
(20)
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Here ¢; and ¢» are chosen as
E3

~ o~ Vw
@=H" q=g9-41+u5,

ey

such that
~ - | %
H*(g+ pq1) = (H" + uga) (g - 4u};*> ;
which is equivalent to saying that ) B is symmetric. Note that
QA is also symmetric since () and A are both diagonal and
that when y» — 0 we recover the Lyapunov function introduced
in [4].

In order to show Theorem 3.1, it is enough to show that the
Lyapunov function satisfies the exponential stability properties
below.

Proposition 4.1: The Lyapunov function (19) satisfies the
following properties:

1) V(y) is equivalent to the square of the L? norm meaning

that there exists positive constants ¢y, co such that for
any y € L*((0, L); R?)

allyli < Viy) < elylli-.

Note that this implies positive definiteness (V(y) >
0, Vy # (0,0)7, and V((0,0)7) = 0) as well as the
radially unbounded property (V (y) — +o0 as ||y||rz —
+00).

2) If (18) is satisfied, then there exists v > 0 such that for
any T > 0 and any y € C''([0,T]; L*(0, L)) solution to
(11) with boundary conditions (13),

L V() < V).

Property 1) directly follows from the fact that @ is positive
definite for 1 € (0, ug), for some pg > 0 that can be
computed explicitly. The rest of this section proves property
2).

We now compute the time derivative of V (y(¢, -)) along the
solutions of the system. Using (11) and the symmetry of @,
we get:

(22)

L
V= / 2y" Quy dx (23)
0

L

=2 / y" Q(Ayss + By. + Cy)dz 24
0
Simplifying further, we obtain

V+AV=T+B (25)

where the integral and boundary terms are given as follows:
L
T= [ 4" (0@ (@C+(QO)) - QuA+(@B).)y do
0

L
+ 2/ v QAy, dz,
0
(26)
L

B=[y"(Q.A - QB)y -2y QAy,], . 27
The full derivation can be found in Appendix II. We now
need to show that Z + B < 0, which will conclude the proof

of Proposition 4.1. The following two subsections prove that
7 and B are both nonpositive.

A. Integral term

Let ¢(11,7) = 1Q — (QC + (QC)T) — Qus A + (QB)a,
defined for © > 0. We are going to show the following:

Proposition 4.2: There exists p; > 0 such that for any
viscosity p € (0, p1), there exists v > 0 such that ¢(u,~)
is negative definite for any « € [0, L].

Proof: [Proof of Proposition 4.2] We denote D :=
—(QCH(QC)") ~Q12 A+(QB),. The expressions of (QB),,
(QC+(QC)T) and D are given in Appendix III. Let us define

f(HV) == —f(H,V)3u+2xH)/(3uH + kH?) (28)

and following the expression of D given by (91) we obtain

det(D) = ((g + pq1)V, — pgi.V'™)

H* V*
ot + vz + L2
. . H* V* H:V:\1?
- [uquH - (H +MQ2)<f1(H* ) = )} -
(29)

From Proposition 2.1, and since f(H*,V*) = O(u), we
have V* = O(u) and we can get the following estimates for
g1 and go:

q1 =9+ O(u),
Qi = ey (9H" = V™) e 100" 4 O(n). 30)
6211 == 0(1)7

where O(1) (resp. O(u)) refers to a function that is bounded
(resp. tends to O at least as fast as p) in L°°(0, L).

From Proposition 2.1 and (30), (29) becomes

_ *2 T7% *f(H*7V*)
det(D) = 2gV"H* + 2gV e 31)

— f(H* V24 Q4+ 0P,

where

H*V*
— [P H? + 2 H f (H V)

_ H* V*
Q = — 2,V H (v + f()>

(32)
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Let us study O:

fH?, VV* (gH* _ 1>)
H*(gH* — V*?) \V*?
“2fy(H*, V)H" + H i |

FH", V)V (gH* - 1)

Q= — i1 [W*H* (v; +

== pqiz [2V*H* (Vx* +

H*(gH* — V*2) \ V*2
 Cop (gH* - 1) e_llﬁfozg(s)ds)
2 \\v+2
A VO + 0l )]
=~ Uiie [2\/ H* ( Vi + Cg“ (?/HQ —1>
X (e‘flm foz-"(s)‘is)) —2f1(H*, V*)H" + O(p?)}
2 Co

=" g (0H" — V*2)etn Ji 9()ds [2v-
_1gH” Co (gH" -2 J§ a(s)ds
X (u V*2V£‘+7(V*2 —1)e 2o
— 20 i (T VO |+ 0(i®).

(33)

Note that, from the definition of f and f;, and since H* > 0,

Cop>0and V* >0, f1(H*,V*) <0. Also, recall that Cj is

a positive constant and gH* > V*? from (4). Finally, recall

that from Proposition 2.1 we have that for any p € (0, u*),
V> > 0. Using all this in (33)

Q=0"+0("), (34)

where Q° > 0. Using this in (31), as well as the definition of

fi(H*,V*), we have

H*V*

det(D) = (2gV H* + 2gf()) 1%

v (35)

A(f(H*,V*
— % + QO + O(MS)-

From Proposition 2.1, we have

L [ g(s)ds

pCoe™ =S5+0(?) >0 (36)

with Cj and ¢(s) defined in Proposition 2.1 and
SOV
V)

“ v o

Using this in (33) (and the definition of f;), we have

gH* — V*2
H*V*

H*

+SVIH" (?/*2

0 _ H*2
Q=5 [ v

(38)

— 1) +4f(H*, V*)} +O0(u?)

(note that f(H*,V*), V.* and thus S are all O(u)). As a

x

consequence, developping S in the last term of (38) we have

HEV) g SIGE VY

det(D) = (QQV:H* +2g Ve 2

gH* - V*2 *2 Vm* * TT¥ gH*
S*¥—— |2gH*" = + SV*H -1
FUH* VN . LgH* —V*? 3
4| ————~2 —4f(H -
v (19 s vV o)
= Do(/l,ﬂ?) + O(HS)
(39
where
gH* — V*? «2 Ve gH"
Do(p, ) =S oy [QQH V*‘*'SV H* (V*2 1)}
cow Lo JUHR V) gH =V
+ (2ngH +2 4f(H",V )7H*V* Vi
(40)

Note that from Proposition 2.1, V; > 0 and S > 0. Also from
Proposition 2.1, we have

lim p~'S — 0, ifze€(0,1],
n—0

(4D
Vi (0) =0,

and f(H*,V*)u~' converges (in C°([0,L]) to a positive

function f from (3). As a consequence

~ 2
. 9 ~ [ Vof(0) gHo
lim 0 Do(ﬂﬂ)—( . > Hy (Vo 1) (42)

and, for z € (0, L]

L Vo f2(z) [ Vo
1 Do(p, z) =
Jim o o(p, ) HolgHo — V7) ggHO_VOQ w
+2ﬁ — 407_‘/02
Vo HoVy '

Note that we used the fact that V*(z) — Vj and H*(x) — Hj

when p — 0 for any = > 0 (see Proposition 2.1). We have
Vo 29 ,9Ho— Vi

Tgm, - Vi Vo HoVo

1
= 2(gHo)? — 4(gHo —
HO%(gHO_VOQ) ( (g 0) (g 0
1

29

(44)

Vi)?)

—2(gHo)* + 8gHoVy — 4Vy') .

~ HoVo(gHo — V¢ (
A simple polynomial analysis shows that —2(gH)?
8gHoV@ — 4Vt > 0 as long as (2 + V2)V@ > gHy >
(2—+/2)V;Z, which is true here from (17) and (4). This together
with (42) and (43) implies that there exists ¢ > 0 such that

“2Do(p, x),c) = ¢ >0, forany z € [0, L].
(45)
Note that (u,z) ~ min(u~2Dg(p, ), c) is continuous on
(0, u*] x [0, L], where p* is given by Proposition 2.1. From
the expression of Dy and Proposition 2.1, there exists C' > 0
independent of p (but maybe depending on p*) such that
|02 Do, )| < C for any p € (0,u*). As a consequence

lim min(p
n—0
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(i, ) — u=2Dg(u, ) is C° in p = 0 and there exists g > 0
such that

w2Do(p, ) > ¢ > 0, for any p € (0, po], = € [0, L].
(46)
Therefore, from (39), there exists pq > 0 such that, for any
p € (0, pi1),

det(D) > 0, for any = € [0, L]. 47)

To conclude it suffices to note that, since p > 0 is chosen
such that V, > 0, then
f(H", V)

2(H" + pgz) <Vm+ oy

and therefore by Sylvester’s criterion, from the expression of
D given by (91), D is negative definite. This implies that there
exists v > 0 such that ¢(p,v) = ¥Q + D is negative definite
for any « € [0, L]. This ends the proof of Proposition 4.2.

) >0 on [0, L] (48)

|
Remark 4.1: Note that we cannot directly derive Proposi-
tion 4.2 from [4] and looking at the situation p = 0. Indeed,
when p — 0, (H*,V*) converges to a constant steady-state
and the source term of the equation converges to 0 and in
this case the Lyapunov function found in [4] does not work
anymore.
To conclude, let us now consider the full integral term (26):

L L
7= / y o, )y dz + 2/ YL QAy, dr  (49)
0 0

From Proposition 4.2, ¢(u, ) is negative definite for all u €
(0, p1) for some v, i1 > 0. As a consequence, y. ¢(u, )y <
0 for any y(t, ), and thus fOL ylod(u,v)y dz < 0.

Regarding the second integral, we have

0 0
o4 = (0 —Ap(H* + uq’é))

where H* + ugy is positive for p € (0, pug), with the
same g > O that was previously introduced. Thus QA is
semidefinite negative, leading to fOL yI'QAy, dr < 0. This
concludes the proof that Z < 0.

B. Boundary term

We are going to show the following:
Proposition 4.3: Assume that by,b; and c; satisfy (18).
There exists pq > 0 such that for any viscosity u € (0, 1),

B <0.
Proof: [Proof of Proposition 4.3] Let us first expand the
definitions of ) and A in the boundary term (27), which yields

B=[-

where ¢, = (g2).. Furthermore, we can derive the following
equalities from the linearized boundary conditions (13):

y(ta O) = ( —1b0 )h’(t7 O)
y(t,L) = (5 )h(t,L) +
v(t,0)? = bah(t,0)?
v(t, L)? = b3h(t, L) + p*civg(t, L) + 2ubicih(t, L)v,(t, L)
(51

L
y" QBy — 4pg2,v* + 8ugavvy) 0 (50)

(er )va (8, L)

Using these equations (51), the boundary term can be ex-
panded as follows:

B =ay(p)h(t,0)* + az(p)h(t, L)* + as(p)va(t, L)?

T as(ph(t, Lyvs(t, L) 62
with
a1 () = ( ) (@B)0)( 3,) + 4ubRaas (0) (53)
az(1) = — (1) (@B)(L) (L) — 4ub?a, (L) (54)
as(p) = —(Jil Y @QBYL)(,,) + 81 crga(L) — 4 Ao (L)
(55)
as(p) = —=2(4, )T(QB)(L)(;LCI) + 8ub1g2(L) — 8u2510é]g;~(L)

where in (56) we used the fact that QB is symmetric (22).
We know from [4] that under the conditions that by €
(by,bd) and by € R\ [by,b]], with

1 1 1
b= <V*<o> . \/ VROP gH*<o>> B
1 1 1
b%:“’(‘mi\/V*(L)? ‘gH*<L>>’ o
we have a3 (¢ =0) < 0 and az(p = 0) < 0 where
ar(p=0) = (3)(@B)0)( },). (59)
ar(pn=0) == —(1) (@QB)L) (). (60)

Note that a; and ay are continuous functions of y, thus there
exists o > 0 such that for any p € (0, p2), a1(p) < 0 and
as(p) < 0. We assume in the following that p € (0, us). Let
us now look at all the terms at x = L. We use the following
notations for the coefficients of QB(L):

QB(L) = (g f)

For simplicity of the notations, we assume in the following
that all functions are evaluated at x = L and omit writing it.
Developping all terms, we get:

(61)

ay = —a — 20by — b — 4pubiqa, (62)
az = p?(—yei + 8crge — 4ucigas) (63)
ay = p(—2Pc1 — 2ybicr + 8b1ga — 8ubicigay) (64)

In order to show B < 0 for any y € L?(0, L), it suffices that
(and in fact it is a necessary condition if one replaces the strict
inequality by a large one)

ash? + azv? + aghv, <0, Vh,v €R. (65)
This holds if and only if
as <0 and Ay := a4 4asasz < 0. (66)

From the choice of pus we know that a; < 0 so the first
condition is satisfied. As for the second condition, after
simplifying we obtain:

Ay = (P (dic] + docy + d3) (67)
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where dy, do and d3 are independent of ¢; and given by

dy = —day + 462 — 16 pqo,

68
— —4det(QB(L)) — 16ags, ©%
dy = 32q2(a + Bby) (69)
ds = 64b2q32 (70)
Consider the case where p = 0O:
p=0 |gV* gH* | w1e2 %
det QB(L) "= gH* H V| = gH*(V gH*) <0
(71)

because of the subcritical flow assumption (4). As a result,
since d; is continuous in p, there exists pu3 > 0 such that for
any u € (0, u3), di > 0.

Thus the polynomial P;(c;) := dyc? +dacy +ds in variable
c1 from (67) has a positive leading coefficient, and there exists
c1 € R such that Py(c;) < 0if and only if Ay := d3—4d1d3 >
0. We get:

Ay = —1024¢3aay. (72)

We have seen before that as < 0 given our choice of b; and
for © € (0, u2), and there exists py > 0 such that for any

€ (0,p4), @ > 0 since « is continuous in y and when
=0, alp =0) =gV* > 0. Thus, Pi(c;) < 0 for any

c1 € (ci#,ci#) with

AH* (¢ (1) (H by + V) £V0)
ct, = . (73)
" C(p+1)V*2—() »
where
6(2) = V¢ (u+ 1) (H] (u+ 1) (H'V" —4Hp) o
+2H"by (2Hzbip (p+1) +¢) + V()
and

C(x) =gH" +p(H" 4+ q1)
V*

N N i (75)
=gH " +p|H +gf4(1+u)H* :

We can note that there exists ps > 0 such that for any p €
(0, 15), if ¢1 € (¢ ,¢f) = <CiM:0’Cl+,M:0)’ with

+ _
=

H*g — V=2
(76)
then ¢; € (Ciu7cl+,u)’ since cf are both continuous in .
Thus, for pu € (0, pus5), Pa(c1) < 0if ¢; € (¢, ¢).
Consequently, for 1 € (0, min(us, 13, pa, ft5)), the second
condition in (66) is satisfied, which concludes the proof that

B < 0 for adequately chosen values of by, by and c;. ]

V. CONCLUSION

In this paper, we showed the exponential stability of the
steady-states for the viscous Saint-Venant equations, by con-
structing a quadratic Lyapunov functions and carefully design-
ing the boundary feedback controls. Quadratic Lyapunov func-
tions are often robust to non-linearities, which is promising for
the stability of the non-linear system, however that remains an
open question.

4 (fv* — b H* VA (VB2 g+ 2H by + V*))

APPENDIX |
PROOF THAT (Q MUST BE DIAGONAL IN PHYSICAL
COORDINATES

Proof: [Proof of Proposition 3.1] First, let us note that
we can without loss of generality assume that () is symmetric,

since for any matrix @, y7 Qy = y* (Q%QT) y. Thus, let us

assume a general symmetric form of Q:
_(q1 g3
@ <Q3 QQ)

L
V(h,v) = / (@1h® + q2v* + 2g3hv) da.
0

(77)

then

(78)

Assuming that V' is a Lyapunov function, it must be positive
for any (h,v) # (0,0), which implies ¢; > 0 and g2 > 0.
The last term in our integral term Z in (26) is

L
Z,, = 2/ nyAyI dx
0

~ hm g 0 _4/’“13 hw
=92 dz
0 Vg 0 —4,11:(]2 Vg
L
= —8,u/ (gzhzvs + qgvi) dx
0

In order to be able to prove that Z + B < 0 for any h,v, we
need Z,, < 0 and consequently that g3 = 0. Indeed, if there
exists x1 € [0, L] such that g3(x1) # 0, since g3 is continuous
there exists a non-empty interval / such that g3 > 0 on [, and
we can consider a sequence of compactly-supported functions
h™ and v™ such that the integral of —8ugsh,v, diverges
to +oco while the integral of —8ugov? remains bounded, as
well as the remaining term Z — Z,, (note that B = 0 for
compactly supported functions). See also [17, Theorem 3.2]
and [2, Lemma 1] for similar arguments. ]

APPENDIX Il
DERIVATION OF THE LYAPUNOV FUNCTION

By substitution of ¥, and since () is diagonal, we have:

L
V49V = / (2y" Qy: +vy" Qy) dz (79)
0
L L
= —2/ YT Q(Ayzs + By + Cy) dz + 7/ y ' Qy dx
0 0
(80)

G1ven a symmetric matrix M € R?*2, we have [y” My]¥
fo (yI'My), dov = fo yI My+yrMyy+yrMy,) d. Since
M is symmetric, yI My = yT My, and we get the following
identity:

L T 1 T L 1 L
/ Y, My dx = 5[@/ Myly — 5/ yrMyy dz  (81)
0 0

We first derive the term in y,, with an integration by parts
followed by applying identity (81) (QA being diagonal thus
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symmetric) and the fact that (QA), = QA and (QA),, =
Q2 A since A, = 0:

L L
L
/ v QA do = [y"QAy, ]y — / Yz QAy, dx
0 0

. (82)
- / yTQszx dx
0

where

r T Lep L, 1 [* T
— | ¥ QuAye dr = =3 [y" QuAy]+5 |y Qup Ay da.
0 0

(83)
We then derive the term in y, again using identity (81), QB
being symmetric by construction (22):

L L
/ yTQBy, dr = + [y"QBy], - / y" (@B)2y dx
0 2 0

(84)

y"(QC) "y thus 2y"QCy =
. Putting it all together, we get:

Finally, note that y?QCy =
y"(QC +(QC)")y

(Q.A - QB)y — 2y QAy, |5
L
4 / 4T (1Q = (QC + (QC)T) = QuaA + (QB),) y dx

V44V = [yT

L
+2/ yZQAyz dx
0
(85)

which concludes the derivation.

APPENDIX IlI
EXPRESSIONS OF @B, (QC + (QC)T) AND D

Observe that from (20), (22) and (21)

_ ((g+ua)V* Gt up)H*
(QB>—( " (H*+uc72)(V*4u§”i>>

(86)
(9 + pq)Hy + pgr H*
74MH;I - 4:“‘2H;:v
(87)

(QB) (gV +/i(Q1V*)

where we used the fact that (H*V*), = 0, from the steady
state of (1). Note that all the matrices in this section are
symmetric, so for visibility and to avoid redundancy we
omit to write the bottom-left terms. Denoting f1(H,V) =
—f(H,V)3u+2kH)/(3uH + xH?), we obtain

with
wi = (g + pq)Hy + (H* 4 pgo)
fL(H*,V* H:V: (89)
x( 1(H* )+4,u e ),
H* *
20w (v + TGE0) o0

Thus
_ (g +pq)Vy + pgiV* ws On
= B o
with
~ * * - H*V* HV:
w3:/”l‘qer 7(H +,LL(]2) (fl( H* )+4,LL H*Q >7
(92)
- N H*V*
wg = —2(H" + pgz) (Vz + f(HV)) . 93)
APPENDIX IV

EXISTENCE OF THE STEADY-STATE AND ASYMPTOTIC
ESTIMATION OF V* AND V¥,

In this Appendix we show Proposition 2.1. Our goal is to
show that for any positive Hy, Vg such that gHy — V& > 0,
there exists a unique solution (H*, V*) € C?([0, L]; (0, +c0))
to

(H*V*), =0,
VAV 4 gHE 4 LV g UV g (94
H*(O) = Ho, V*(O) = V07 V;(O) = 07

where f is given by (3). Denoting Q* = H*V™* this is
equivalent to show that for any positive (g, Vi such that
gQo — Vi > 0, there exists a unique solution (Q*,V*) €
C?([0, L]; (0, +00)) to

Q=0
VeV - 15V 4+ 3 LY g 4O =,
Q*(0) = Qo, V*(0) =1y, V;(O) =0,

95)
where we used the fact that the first equation can be rewritten
as H* = — 2% and

x — (V2>
B V*zlﬁ’,
fV) = oo
3uV* 4+ kQ
The first equation, along with the initial condition, reduces to
Q* = Qy, thus the system reduces to

(96)

V*V; _ ‘g/(gg V* )E(VC;SV* _4:U/V* +4M(V )2 07

o7
The difficulty is that this system is singular: the terms in y are
also the terms with the highest order derivatives. Asymptotic
behavior of singular systems are usually difficult to handle and
nothing guarantees a priori, that there exists a unique solution
in C2([0, L]; (0,00)) for > 0 small with an estimate of the
form

V* - ‘/inviscid + O(,u)7 (98)

where Vipyiscig 1S the solution of the system when p = 0 (in this
case Viniscia() = Vo, for any = € [0, L]). Denoting (y, z) =
(V, V), the system (97) becomes

Yo =2
f 2
pre =42 (v - 9%) + 30l + 2,
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We are going to show the following Lemma:
Lemma 4.1: Let Qo > 0,e >0, ¢y, >0, C, >0 and

Qfe) = {(1,2) € (0, +00) x R
QQO

?—y>5, Y > cy, |2 §C2}~
There exists p* > 0 such that for any © € (0,u*) and
any o, 20 € €2(2¢), there exists a unique solution (y,z) €
CL([0, L]; Q(e)) to (99) with initial condition (yo, z9). More-
over there exists C; > 0 depending only on €, Qo, ¢, and the
parameters of the system such that

4 EXT
=K (1 - 67@) E
€

+ 014—“ (x - 4—“(1 - eii’))> . (101)
& g

(100)

ly(z) — yo| <

ET 4 EXT
[2(@)] < lzole™ % +C1E (1 - e 5),

and for any z( € [0, L] such that z(xg) = 0, 2,(0) > 0.
Proof: Let Qo > 0, ¢ > 0, ¢, > 0, C, > 0 and
let © € (0,u*) with u* to be chosen later on. Thanks to
the Cauchy-Lipschitz theorem, there exists a unique maximal
solution (y, z) in () to (99) defined on [0, L*) with L* =
+oo or L* € (0,+00) and in the second case either
i (9Qo/y (@) ~ y(x)) = = with y(x) > 0
li =
or lim y(x) =¢y (102)
or lim |z(x)] =C,
x—L*
Note that gQo — 3> — ey? has a unique non-negative (and
actually positive) root (because it is positive at y = 0, negative

when y — +oo and its derivative is negative for y > 0) that
we denote by y; . > 0, this means that

i (gQo/y(x) —y(x) == = Tim y(x) =y,
(103)
In any cases, on [0, L*), we can define
_ 9Qo _
and we have
oy 1 3 f(y@)y(z) | 2(x)?
pe! () = —79(@)2(x) + <4 e B
(105)

hence, by Duhamel’s formula,
2(z) = zgew Jo 9()dsy

/ Ry (3 Fysys) | 227 .
0

4 Qo
(106)

Since (y(s),z(s)) € Q(e) for any s € [0,2] C [0,L*) and
from (103),

x —8
|2(2)] < Jzole™ 5 +Cy / 5 ds
0 (107)

ex

cx 4
= |z0le” ® + Cl?'u(l —e ),

where C; = 3Q;" max |f(y)yl/4 + C2¢; 1. Therefore,

z Cy
. L, Cyy¥1e
using the first equation of (99),

S 4 e
@) =l < [ Jaole™ 5+ 11— s
0
4 ET
=K (1 - eiﬁ) B
S
4 4 EXT
ra (o= La-ciy).
& S

We see from (107)-(108) that we can choose p*, depending on
C., ¢y and € such that L* > L (otherwise we get a contradic-
tion because we never reach (102)). This shows the existence
(and unicity) of the solution (y,z) € C([0,L];Q(¢)). In
addition the estimates (107)—(108) hold, which is exactly
(101). Finally, assume that for zo € [0, L], z(zo) = 0, since
(y(xo), 2(x0)) € Q(e), y(xo) > ¢y > 0 and, from (99) and
the expression of f given by (96) we deduce directly that
zz(2o) > 0, which ends the proof of Lemma 4.1. |

Proposition 2.1 follows from Lemma 4.1. Indeed, for any
steady-state (Ho, Vo) € (0,+00)? such that

(108)

gHo = V5 >0, (109)

we can denote ()9 = HyVp which is a constant, yg := Vj,
¢y = Vu/2, and zp = 0 and there exists ¢ > 0 such that
9Qo/(V)? — Vo > 2¢. From Lemma 4.1 and using (94)—(99),
there exists p* > 0 such that for any p € (0, u*) there exists a
unique solution (H*,V*) € C?([0, L]; (0, +00)?) to (94) that
satisfies in addition,

gH* () — (V*(2))? > eV*(2) > eV*(0)/2, Vx € [0, L],

(110)
d
an ) "
V¥ (x) = Vol < CiL— (111)
and 1
Vi @) < [V O)e/ W 4 p— (112)

Since V*(0) = 0, we get that |V*|| L < pdCy/e. From (95)
we deduce that

[V (@) < O, (113)

where Cy is a constant that only depends on Hj and V.
Moreover, we can show that V* > 0 for all z € [0, L]. Indeed,
V.¥(0) = 0 and from Lemma 4.1, V,,,(0)* > 0 which means
that there exists /; > 0 such that V. > 0 on [0, [;]. Suppose
by contradiction that there exists an x; € [ly, L] such that
VX (x1) < 0. Since V* is continuous, there must be a point
x2 € (I1,21) such that V(x2) = 0 and V*(z2) < 0, but this
is in contradiction with Lemma 4.1.

This shows the first part of Proposition 2.1 and it only re-
mains to show (7). To do so, we can perform as in Lemma 4.1.

Indeed, let Z = 3 ()
'qu (Q%—y)
that (y, z) with y = V*, z = V.* exists in C1([0, L]; Q(e)) for
our choice of p and (101) holds. Observe that, from (104),
3fyy _ 1

4 Qo _@g(x)é'

. From Lemma 4.1 we know

(114)
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Thus, we have from (99)

3f(y)y
( % —y
(115)
thus, by Duhamel’s formula,

2(z) — 2(z) = (20 — 2(0))e” M Jo 9()ds 4 / e [T 9T

0
3uf (y(s))y(s) s,
Qo (gy?ﬁ - y(s))

(116)

As a consequence, from (101) with zyg = 0, performing as in
(107) and also using (112),

Ex C
|2() — 2(@)] < 2(0)]e™ 5 + —pi”. (117)
From the definition of 2, we have
|2(x) = 2(z)] < gue‘fﬁ + gu?’, (118)

where C'is a constant that may change between lines but only
depends on gy, and the parameters of the system and not on
1. As a consequence, using (116)

1 @ 0(s)ds
Ze=2n + Zg(x)z(())e—ﬁ Jo 945 1 O(2).
1
Translating z and y as V, and V respectively gives the
estimates (7). This ends the proof of Proposition 2.1.

(119)

APPENDIX V
WELL-POSEDNESS OF THE LINEAR SYSTEM

We consider the linear operator
A= —(Adyy + B(x)0, + C(x)1d)

where Id denotes the identity operator. A is an operator in the
space L2([0, L]) x L?([0, L]) with domain
D(A) = {f = (h,v)" € L | Af € L?,

v(0) = —boh(0), v5(0) =0,
v(L) = bih(L) + pervg (L)}

We claim the following:

(i) D(A) is dense in L2,

(i) A is dissipative, i.e. Re{u, Au) < 0 for every u € D(A),

(iii) There exists Ag > 0 such that A4 — \gld is surjective.

If these three conditions (i)-(iii) are satisfied, then by
the Lumer-Phillips theorem [27], [32], A generates a C°-
semigroup. Then, the initial value problem

d (h h
7 (v) t)y=A <v> (t) for t > 0,

v(0) = —bph(0),
v(L) = b1h(L) 4+ pcrvg (L),
v(0) =0
is well-posed (see [12] Corollary 6.9), thus our linear Saint-
Venant with viscosity system (11) is well-posed.

(120)

(121)

(122)

We now proceed to proving (i)-(iii).

(i) follows directly from the density of C? with compact
support in L? since any function that is C? with compact
support in (0, L) belongs to D(.A).

(ii) follows from the fact that we derived a Lyapunov
function in the llnear case. Let us con51der the associated
inner product (u,v) = fo Jo(x)dx for u,v €
L3([0, L])?, with @ defined in (20) Conmder u = (h, v)
D(A), since Q = QT we have

L
Re(u, Au) = (u,us) = / ul Qudr = %V <0 (123)
0

where the last inequality directly follows from Proposition 4.1.
Let us now look at (iii). This is equivalent to show that

there exists A\g > 0 such that for any f = (fi, f2)7 € L?
there exists u = (h,v)T € D(A) such that
Au — du = f. (124)

This is equivalent to saying that the following Cauchy problem
admits a solution on z € [0, L]:

—(Auge + B(x)ug) — (C(x) + Nl )u =
v(0) = —boh(0)

v(L) = bih(L) + pecrv, (L)

v-(0) =0

Expanding the ODE using the definitions of A (12a), B (12b)
and C' (12c), we get

hoV* + v, H* + Hiv + Vih+ Moh = — f1

H* V*
(V*_4,uH’i>vx—|— (g—4/,LH’”*>hx—|—V;v
+ S1(z)h + Sa(z)v + Aov — dpve, = — fo

where Sp(z) and Sy(z) are the corresponding terms in C.
Setting vo = v,, we obtain

heV* +voH* + Hiv + V. h + Moh = — f

H v
(V* _4MHJ’C") vg + (g —4qu*> hy + Vv

f(z)
(125)

(126)

(127)
+ S1(x)h + Sa(z)v + Aov — dpve, = —fo
Vg = Vg
which is of the form
h h i
Ml V2 + MQ V2 = — f2 (128)
v - v 0
with
Vv 0 0
My=|g—dug —4p 0],
0 0 1
(129)
My=| S Vo—dugr Spt AotV
0 —1 0
with

'U(O) = —b()h(O), U(L) = blh(L) + ,uclvg(L), 1}2(0) = 0

(130)
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Let us diagonalize M;, with P~*M;P = A(x), and let
z = P7Y(h,ve,v)T and g = P71(f1, f2,0)T. Then (128) is
equivalent to

AOpz + P *MyPz — A0, P " )Pz = —g, (131)
where
1
P=10 1 1|, P = A(x) 0 0],
1 —-A 1 0
0 0 (2) (132)
1 0 0 v
A=10 V* 0 |,=z= hA(x)
0 0 —4u —hA(x) + vg
with . -
Alx)=——— (g —4p-=%). 133
(z) T (g uH*> (133)
We set
My = P~ M,P — A(9,P~1)P (134)
yielding the system
Aoz + M3z = —g. (135)
Let us look at the new operator:
Ao = —A0, — Msld, (136)

defined on the domain
D(Ap) ={z € L?, (h,vg,v)T = Pz | v(0) = —boh(0),
U(L) = blh(L) + ,U/Cl’l)g(L)7 UQ(O) = 0}
(137)

Note that this can be expressed with the more explicit
boundary conditions

_p(al) 21(0)) _
aw-p(20). (20) a0 am
with
A(L) 1\ _bo

D= ———7—"—— E = 139
by — per A(L) (ﬂcl} ’ ﬂo) (159

such that D(Ag) can be expressed as
D(Ap) = {z € L*((0,L); R?) | z satisfies (138)}.  (140)

If we can show that there exists A\g > 0 such that A, is
surjective, then a fortiori there exists z € D(Ag) such that
Aoz = g and therefore, using again the change of variable,
there exists (h, v, v) such that (128) holds and the proof of
(iii) is done. To show this, note that this operator satisfies the
assumption of [26], (with F' = G = 0 in the notations on [26]).
Hence, from [26] (Lemma 2.2, where our Ay is their A), Ap
generates a C° semigroup on L? and therefore (A d — .Ag)~!
is well-defined on p(Ag) = C\ {0,(Ao)}, where o,,(Ap) is
the point spectrum of 4, that is, the values A such that there
exists z # 0 with

Aoz = Mz (141)

If we can show that 0 € p(Ap), then Ay " is well defined on
the image of D(A) by Ay, but since Ajg is closed [26], this

is the whole L? and thus Aj is surjective. It remains to show
that there exists A\g > 0 such that 0 is not an eigenvalue of Aj.
Assume that 0 is an eigenvalue, using the change of variable
again, there exists u = (h,vo,v)” # 0 such that

Miug + Mau = 0, (142)

with w satisfying the boundary conditions (ie. u € D(Ap)).
Since vy = v, from (142), it means that (h,v)T # 0 is a
solution to

A(h, )T = Xo(h,v)7, (143)

thus

(A(h, )", (h,0)T) = Aoll(h,0)T I} > 0, (144)

which is in contradiction with the dissipativity of the operator.
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